Abstract-Motivated by recent results regarding the performance analysis, in terms of coverage probability and average rate, of microwave single-antenna cellular networks with HalfDuplex (HD) Relay Nodes (RNs) by using a stochastic-geometry approach, in this work we extend this study by considering multiple-antenna Base Stations (BSs) and RNs. Analytical formulas are provided for the achieved coverage probability and average rate of these networks, which are shown to closely match the simulation results. In addition, the simulation results show that the availability or not of a large antenna array determines whether RNs can be beneficial to the network in terms of coverage improvement. In particular, substantial coverage gains are observed for a massive-antenna deployment, whereas no rate gains are achieved due to the half-duplex constraint of the RNs.
I. INTRODUCTION
The deployment of RNs is considered to be a viable option, mainly for the coverage improvement of conventional cellular networks, especially at the cell-edge regions. In particular, it has been included in modern standards, such as the IEEE 802.16j working group [1] and the Third Generation Partnership Project's Long Term Evolution Advanced (3GPP LTE-A) [2] . It has also been studied in various literature works, which despite the fact that they show that relaying can be beneficial regarding coverage and rate improvement with respect to the no-relay case, they consider scenarios that are difficult to be realized in practice, such as Base Stations (BSs) and Relay Nodes (RNs) located at fixed positions [3] , [4] and interference that is Gaussian distributed [5] , [6] .
Against this background and to the best of the author's knowledge, [7] is the first work that studies relay-aided cellular networks by considering a stochastic geometry abstraction modeling, where the BSs, RNs and Mobile Terminals (MTs) are modeled as three independent and homogeneous Poisson Point Processes (PPPs) [8] . Stochastic geometry as a tool has been widely used in the recent years for the systemlevel performance analysis of cellular networks due to its analytical tractability and the relatively small gap that the analysis provides with respect to real-world measurements [9] , [10] . By employing this tool, the main outcomes in [7] are that coverage and rate highly depend on the path-loss exponents of one-and two-hop links and that parameter optimization is needed to achieve gains by using relays in certain scenarios. However, [7] considers only single-antenna nodes.
Contribution: In this paper, we extend the analysis of [7] by considering multiple-antenna BSs and RNs, which can beamform their signal towards their intended receiver. We derive analytical expressions of the coverage probability and average rate, which exhibit a close match with respect to Monte Carlo simulations. In addition, the results show that while substantial coverage-probability gains are achieved if a large antenna array is available at the BSs and the RNs, a rate reduction is observed if the aim of the parameter optimization is the maximization of the coverage probability, which is attributed to the half-duplex constraint of the RNs.
Organization: The rest of the paper is organized as follows: In Section II, the system model is presented. Section III introduces the signal model and the examined performance metrics. In Section IV, we derive analytical expressions of the coverage probability and average rate, which are validated in Section V by means of Monte Carlo simulations. Finally, Section VI concludes this work.
II. SYSTEM MODEL

A. Scenario
We consider a downlink relay-aided cellular network, where the BSs, RNs, and MTs are modeled as points of three independent and homogeneous Poisson Point Processes (PPPs), which are denoted by Φ BS , Φ RN , and Φ MT with densities λ BS , λ RN , and λ MT , respectively. BSs are equipped with N BS antennas, RNs use a single antenna for reception, N R antennas for transmission 1 , and act in the Half-Duplex (HD) mode and, finally, MTs are single-antenna nodes. In addition, we assume that they have perfect instantaneous Channel State Information (CSI) regarding their intended receiver only. The BSs and RNs have N RB Resource Blocks (RBs) at their disposal, which serve the MTs. Furthermore, we assume that the BSs pick randomly with probability 1/N RB the RB to transmit to a particular MT. In addition, the RNs transmit at the same RB with the BSs they are paired with after the cell association is performed. Regarding the relaying protocol, we assume that the end-to end communication takes place in two time slots, where during the first time slot only the BSs are allowed to transmit while at the second time slot only the RNs can transmit.
Moreover, we denote a particular MT as MT 0 , which can be served via a one or a two-hop transmission. In the former case, the serving BS is denoted by BS 0 , whereas in the latter one the RN that serves MT 0 is denoted by RN 0 and the BS that serves RN 0 is denoted by BS R0 . Without loss of generality and based on the Slivnyak theorem [8] , in this work we study the performance metrics of a MT 0 located at the origin of the bi-dimensional plane. Finally, we note that the analysis is performed for an arbitrary RB and the set of interfering BSs and RNs in the RB of interest are denoted by Φ 
, where κ 0 denotes the free-space path loss at a distance of one meter and β X,Y > 2 denotes the path-loss exponent. Specifically,
2 , where ν is the transmission wavelength.
2) Shadowing Model:
We assume that the link between the nodes X i and Y k is subject to shadow fading, which follows a log-normal distribution with parameters µ X,Y and σ 
C. Cell Association and Relaying Protocol
A DF relaying protocol is considered [7] . All transmissions in the same RB occur at the same transmission wavelength ν. Let P T be the total transmit power budget for serving MT 0 . Let P BS0 , P RN0 and P BSR0 denote the transmit power budgets of BS 0 , RN 0 and BS R0 . In order to ensure the total power constraint, they are defined as
The triplet BS 0 , RN 0 and BS R0 is identified by using the cell association criterion as follows:
Let the triplet of network elements BS 0 , RN 0 and BS R0 from (1). The typical MT, MT 0 , is served either via a oneor a two-hop link according to the cell association criterion as follows:
where B BS and B RN are non-negative bias constants (see [7] ), and BS 0 , RN 0 , BS R0 are obtained from (1) . Throughout the present paper, without loss of generality, it is assumed that B RN = 1 and B BS ≥ 0. If B BS = 1, there is no bias. If B BS ≫ 1, all transmissions are likely to be one-hop. If B BS ≪ 1, all transmissions are likely to be two-hop.
D. Load Modeling Light Traffic Load:
In this case, the number of MTs is small. This occurs if λ MT ≪ N RB λ BS and λ MT ≪ N RB λ RN . Since the RBs are chosen at random and with equal probability by each BS, the density of interfering BSs in a generic RB is equal to λ (1), (2) is distance-dependent, the set of interfering BSs in that RB, Φ are assumed to be independent. The spatial constraints originating from (1) and (2) are, however, taken into account for system-level analysis.
Remark 2: As for the active RNs, comments similar to Remark 1 hold. Hence, Φ (I) RN is not a homogeneous PPP. For mathematical tractability, Approximation 2 is used. Its accuracy is studied in Section V.
Approximation 2: The set of interfering RNs, Φ
RN , in a generic RB is assumed to be a homogeneous PPP of density λ and the spatial constraints originating from (1) and (2) are taken into account for systemlevel analysis.
Remark 3: In the present paper, due to space limitations, only the light traffic load scenario is investigated, wheras in [7] both the saturated-and light-traffic cases are studied. However, still we get important insights for the system design, as we will see in Section V. Notation: The following notation is used throughout this paper. i) s is the transmitted data symbol. ii) The random variable Z X,Y = l (r X,Y )/S X,Y for X ∈ {BS, RN} and Y ∈ {RN, MT 0 } denotes the ratio of path-loss and shadowing for a generic (X,
denotes the thermal noise power, where σ 2 N (dBm) = −174 + 10 log 10 (B W ) + F dB , F dB is the noise figure in dB and B W is the transmission bandwidth of each RB. iv)
is a shorthand used for simplifying the writing of (2).
III. SIGNAL MODEL AND EXAMINED METRICS
In this section, expressions of the instantaneous signalto-interference plus noise ratio (SINR) are derived and the performance metrics under consideration are presented, which depend on the SINR statistics.
A. Signal Model 1) Single-Hop Transmission:
In the case of a single-hop transmission between MT 0 and the selected BS, BS 0 , the received signal at MT 0 , which is denoted by y
MT0 , is given by
where
is the employed beamforming vector at BS 0 , E n BS,MT0 are the interference processes affecting MT 0 , which result from the set of BSs constituting the singleand two-hop transmissions, respectively. They are given by
where w BSi,MT i , w BSj,RN j are the beamforming vectors related to BS i and BS j , respectively. The indicator functions in (4),
, respectively, originate from the association criterion in (1). More specifically, they take into account that the power received from the serving BS is higher than that of every interfering BSs.
Since the serving BSs have perfect CSI of the corresponding channel links towards their served MTs or RNs, we assume that the employed beamforming vectors are designed so that they maximize the received Signal-to-Noise Ratio (SNR). Hence, Maximum Ratio Transmission (MRT) [11] is employed, which means that w BS0,MT 0 = Consequently, the resulting from (3) SINR at MT 0 , which we denote by SINR BS0,MT 0 , is given by
2) Two-Hop Transmission: In the case that the communication takes place in two hops, RN 0 and BS R0 are defined in (1). We distinguish two phases of the communication protocol that occur in two subsequent time slots:
First time slot-Communication between BS R0 and RN 0 : During the first time slot, only the BSs are allowed to transmit. Hence, the received signal at RN 0 , which we denote by y RN0 , is given by
is the employed beamforming vector at BS R0 , E n RN0 n * RN0 = σ 2 N , and i
BS,RN0 are the interference processes affecting RN 0 , which result from the set of BSs constituting the single-and two-hop transmissions, respectively. They are given by
where the indicator functions of (8) . Hence, the resulting from (7) SINR at RN 0 , which we denote by SINR BSR0,RN 0 , is given by
Second time slot-Communication between RN 0 and MT 0 : During the second time slot, only the RNs are allowed to transmit. Hence, the received signal at RN 0 , which we denote by y MT0 , is given by
where s ′ is the resulting modulated signal after the detection of
is the employed beamforming vector at RN 0 , E n RN,MT0 is the interference process affecting MT 0 , which results from the set of interfering RSs. It is given by
where the indicator function in (12) results from the association criterion (1) . According to the MRT criterion, it holds that
. Hence, the resulting from (11) SINR at MT 0 , which we denote by SINR RN0,MT 0 , is given by
B. Examined Metrics
Two performance metrics are considered in this work that are subsequently defined: 1) coverage probability and 2) average rate. 1) Coverage Probability: As coverage probability, which we denote by, P cov (T) we define the probability that the received SINR of either the single-or the two-hop transmission is greater than a threshold T. It is given by
where P (1hop) cov (·; ·) and P (2hop) cov (·; ·) are the coverage probabilities corresponding to one-and two-hop links, respectively, defined in [7, Eq.(10) ]. The conditioning upon Z BS0,MT0 and Z RN0,MT0 originates from (2) .
2) Average Rate: The average rate, R average , which is the expectation of the instantaneous rate, is defined as
where R 
IV. PERFORMANCE ANALYSIS
In this section, we derive expressions for the examined performance metrics of coverage probability and average rate. Towards this, i) At first, we present the analytical expressions of the required distributions to derive these expressions. ii) We consider useful geometrical approximations.
A. Preliminaries
It is evident from Section III-B that the derivation of the analytical expressions of the coverage probability and average rate requires the computation of the following quantities: i) The distribution of Z X0,Y0 = l (r X0,Y0 )/S X0,Y0 , which we denote by F Z X 0 ,Y 0 (·) and it is given by [7, Eq. (31)], ii) The conditional probabilities that MT 0 is served via a one-hop and a two-hop link, i.e.
which are given by [7, Eq. (34) ] and iii) The probabilities that MT 0 is served via a one-and a two-hop link, i.e., χ 1hop and χ 2hop with χ 1hop given by [7, Eq. (35) ] and χ 2hop =1-χ 1hop .
B. Considered Approximations
As in [7] , we consider the following approximations regarding the indicator functions of I 
which are valid approximations regarding the realistic case for a wide range of relay densities, as it is shown in the numerical results of [7] .
C. Coverage Probability Proposition 1:
The coverage probability defined in (14) is approximated as
(20)
where 
with
where Ψ BS,MT (x), Ψ BS,RN (x), and Ψ RN,MT (x) are given by [7, Eq. (22) ].
Proof : See APPENDIX.
D. Average Rate Proposition 2:
The average rate defined in (15) is approximated as
Proof : See [7, Section IV-B].
V. NUMERICAL RESULTS
Regarding the simulation parameters, we consider P T = 45 = (1/5)λ BS is the density of the MTs, which are served at the same RB as MT 0 . Hence, it is the density of the interfering BSs. Regarding the Monte Carlo simulations, the same principles as in [7, Section V] are followed. Fig. 1 illustrates the coverage probability and average rate for β BS,MT = 4.5 and β BS,RN = β RN,MT = 3, different number of available antennas at the BSs and the RNs, and the cases of no-RNs and of the value of B BS that maximizes the coverage probability. This value was obtained from the analytical model through linear search. The intuition behind this lies on the fact that in realistic scenarios RNs are expected to be needed to assist the communication between BSs and MT for high β BS,MT . Considering this, RNs are expected to be deployed in a way that the BS-RN and RN-MT links are stronger than the BS-MT links, which means that RNs are likely to be deployed on rooftops [15] . As we observe from Fig. 1 , there is a close match between the analytical and simulation results. The same conclusions can be drawn for β BS,MT = 4.5, where we observe significant coverage gains for N T = 100. However, the average rate in this case is substantially reduced due to the half-duplex constrained of the RNs if the optimization of B BS is solely based on the maximization of the coverage probability.
VI. CONCLUSIONS
In this work, we have extended the analysis of [7] in relay-aided cellular networks by considering MRT-based and interference unaware beamforming through the use of multiple antennas at the BSs and RNs. Analytical expressions are provided regarding the achieved coverage probability and average rate, which show a close match with respect to Monte Carlo simulations. The results reveal interesting trends regarding the usefulness of RNs conditioned the number of antennas at the BSs and RNs. In particular, if the number of antennas at the BSs and RNs is relatively high, significant coverage gains can be achieved with respect to the no-RNs case by placing the RNs in a way that the path-loss exponent of the BS-RN and RN-MT links is relatively low. However, due to the half-duplex constrained of the RNs no gain in terms of average rate is observed. In fact, if the objective is only the maximization of the coverage probability, it leads to an average-rate reduction with respect to the no-RNs case. This tradeoff motivates the study of the full-duplex RNs case in our future work. is a chi-squared random variable with N BS degrees of freedom [11] , and, finally, (c) follows from the properties of the Laplace transform together with the product rule of the higher derivatives of the product of two functions. L G BS,M T (Z BS0,M T0 ) can be analytically derived by considering [7, Eq. (38) , Eq. (40)], the fact that h BSi,MT 0 w BSi,MT i 2 and h BSj,MT 0 w BSj,RN j 2 follow an exponential distribution [12] , and, finally, [13, Lemma 1] , which leads to the analytical expression of J BS,MT (T) in (19). By taking into account that J BS,RN (T) J RN,MT (T) = E ZRN 0 ,MT 0 P (2hop) cov (T; Z RN0,MT0 ) , that the received instantaneous SINRs at RN 0 and MT 0 are independent due to different sets of interferers affecting these nodes [7] , and by following the same steps as in the derivation of J BS,MT (T), J BS,RN (T) and J RN,MT (T) are obtained, which concludes the proof of Proposition 1.
